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Abstract

A proximal humerus fracture is an injury to the shoulder joint that necessitates med-

ical attention. While it is one of the most common fracture injuries impacting the

elder community and those who su�er from traumatic falls or forceful collisions, there

are almost no validated computational methods that can accurately model these frac-

tures. This could be due to the complex, inhomogeneous bone microstructure, complex

geometries and the limitations of current fracture mechanics methods.

In this paper, we develop and implement a novel phase �eld method to investigate

the proximal humerus fracture. To model the fracture in the inhomogeneous domain,

we propose a power law relationship between bone mineral density and critical energy

release rate. The method is validated by an in vitro experiment, in which a human

humerus is constrained on both ends while subjected to compressive loads on its head

in the longitudinal direction that lead to fracture at the anatomical neck. CT-scans are

employed to acquire the bone geometry and material parameters, from which detailed

�nite element meshes with inhomogeneous Young modulus distribution in the bone are

generated.

The numerical method, implemented in a high performance computing environment,

is used to quantitatively predict the complex 3D brittle fracture of the bone, and is

shown to be in good agreement with experimental observations. Furthermore, our

�ndings show that the damage is initiated in the trabecular bone-head and propagates
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outward towards the bone cortex. We conclude that the proposed phase �eld method

is a promising approach to model bone fracture.

Keywords: bone fracture, phase �eld method, crack propagation, inhomogeneous,

energy release rate

1. Introduction

Proximal humerus fractures are common injuries a�ecting the elderly and other patients

who su�er from traumatic impacts or forceful collisions. A proximal humerus fracture

is an injury to the shoulder joint that necessitates medical attention. Depending on

the speci�c location and severity of fracture, surgical intervention may be required, in5

which case the current practice is based on the surgeon's experience and intuition but

without any support of quantitative models [1, 2]. In this paper our objective is to derive

a novel numerical method capable of accurately predicting the fracture of a humerus

bone under complex loading conditions. Furthermore, in the long term such numerical

tool may actually assist in surgical decisions. For example, decisions regarding implant10

insertions in case of bone fracture could be supported by computer simulations and

become more reliable. For some patients implants can lead to faster tissue regrowth

and bone healing, while in others implants can cause undesired fragmentation, pain,

and signi�cant bone damage.

Due to the clinical importance and wide spread of bone fractures, a number of validated15

bone models have been proposed in the literature [3�7], however, most of them do

not account for fracture initiation and propagation, which is a critical issue. This

is due to the complex bone constitutive laws, complex geometries and the limitation

of current fracture mechanics methods. Bones are natural composite materials, with

composition and structure that vary as function of age and sex. The bone structure20

is hierarchical and thus can be considered to have multiple spatial scales. On the

macroscale bones have a hard outer shell-type layer composed of cortical bone and

an inner soft porous-type layer called trabecular bone. Thus a �rst order macro-scale

approximation suggest that long-bones can be modeled as elastic, isotropic but highly

inhomogeneous materials, which makes the fracture modeling of such bones extremely25

challenging and adds to the already complex 3D geometry.

For clinical and biomedical applications, a macro-scale approach is typically easier to

employ and has therefore been preferred in the literature [7�9]. To this end, Quanti-

tative Computed Tomography (QCT)-based FEM analysis has been employed in the

last two decades to predict the strength and crack patterns in bones under di�erent30
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loading conditions [8�16]. QCT images are usually employed for the generation of 3D

�nite element meshes and assignment of bone material properties. For example, inho-

mogeneous Young's modulus can be obtained from the bone mineral density (BMD),

which can be directly estimated from the QCT image analysis [9, 17]. Although it has

been shown that BMD is not the only factor contributing to bone fracture and may35

not be an accurate predictor of bone strength [18�20], it is yet a simple approach that

provides e�ective prediction to the risk of fracture.

Modeling the fracture initiation and propagation in bones is challenging and therefore

has been primarily addressed in the literature [7, 12, 13, 21�23] indirectly, by devel-

opment of fracture criteria/indicators based on von Mises stress, equivalent strain and40

maximum principal strain for human proximal femur fracture. For example, Yosibash

and co-workers [7, 13, 21] developed high-order �nite element methods (p-FEMs) to

predict fracture initiation based on maximum principal strain, which agreed well with

experimental results. Keyak and Rossi [23] tested the e�ectiveness of several stress- and

strain- based failure theories, which can account for di�erences in tensile and compres-45

sive material strengths for the proximal femur bone, by using CT scan-based FEMs.

However, while these criteria and failure theories can predict crack initiation they can-

not model fracture propagation and the post-failure response of the bone. Dragomir-

Daescu et al. [12] investigated the fracture of femurs using QCT/FEM analysis with a

nonlinear constitutive law for the bone tissue. A yield strain was introduced and once50

the von Mises strain exceeded it, the Young's modulus was decreased to a very small

value. The predicted fracture load and patterns agreed well with their experimental

results. A slight mesh dependency of sti�ness and strength was observed.

Numerical methods used to model crack initiation and propagation can in general be

grouped into two main categories: fracture mechanics based approaches and Continuum55

Damage Mechanics (CDM) methods. Hambli and co-workers [6, 24, 25] modeled the

fracture process based on element deletion technique. They developed an FEM model

of the proximal femur based on continuum damage mechanics (CDM) to obtain full

force-displacement curves under stance condition. A coupled quasi-brittle damage law

was implemented and a weighted strain criterion with a characteristic crack length60

was used to alleviate the mesh sensitivity. This model was also applied to model

trabecular bone damage and fracture [26]. Harrison et al. [27] proposed a 3D voxel

based FE model to simulate the complete fracture of ovine vertebral trabecular bone

samples by incorporating damage growth and fracture criteria. A cohesive parameter

representing the damage and crack propagation was simulated by the element deletion65

technique. Cohesive FEM has also been employed to study fracture of bones at the
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macro-scale. With this technique, Ural and Mischinski [28] investigated crack growth,

fracture strength and loss of toughness in human distal radius, considering the e�ects

of aging, intra-cortical porosity and strain rate. Inserting cohesive elements along the

expected crack area limit its ability to model complex fracture pro�les. Abdel-Wahad70

and Silberschmidt [29] employed the extended �nite element method (XFEM) to model

the impact strength of cortical bone tissue. The simulation results agreed well with

the experimental data. Multiscale methods based on homogenization theory have also

been proposed to model bone fracture [30], but those may be computationally too

demanding. Nonetheless, these two classes of methods may be limited when applied to75

bone fracture. For example, the complex bone geometry and inhomogeneous material

properties makes the implementation of discrete methods extremely di�cult [31], and

on the other hand damage methods tends to be either mesh dependent (local damage)

[32] or spread the damage over large unrealistic domains (nonlocal damage) [33, 34].

To this end, a so-called phase �eld method (PFM) for modeling brittle fracture has80

emerged in the last two decades [35�46], and was shown to overcome some of the afore-

mentioned limitations of the other methods. Similar to nonlocal damage mechanics, the

PFM is also a regularized continuum based method that can model crack initiation and

propagation in complex three-dimensional geometries. However, as opposed to nonlocal

damage methods, this approach is based on energy minimization principles and yields85

narrow crack bands, which seems more realistic for brittle and quasi-brittle fracture.

Two critical parameters are used in this method, namely a length scale parameter l0,

which controls the crack width, and a Gri�th-type critical energy release rate Gc, which

is a material property that serves as a fracture driving force criteria [47]. It should be

noted that the phase �eld method converges to a discrete crack in the limit when l090

goes to zero [37].

The PFM was applied to a range of materials, such as polymers [48], asphalt [49],

concrete [50] and polycrystalline materials [51], including brittle and quasi-brittle frac-

ture [38, 52], ductile fracture [46, 53], hydraulic fracture [54�56], interfacial fracture

[57, 58] and anisotropic fracture [59, 60]. More details and comparisons of the phase95

�eld method and traditional damage mechanics could be found in [33, 61]

In this paper we propose an important modi�cation to the phase �eld method for

modeling the fracture of highly inhomogeneous materials, as the proximal humerus

fracture studied in this paper. Speci�cally, we propose a power-law relationship between

bone mineral density and critical energy release rate to account for the unique bone100

structure. The method is validated by an in vitro experiment on a human humerus

subject to compressive loads. CT-scans are employed to acquire bone geometry and
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material parameters, from which detailed �nite element meshes and predications are

obtained.

The paper is organized as follows: In section 2, the fundamentals of the phase �eld105

method are presented with a brief overview of the fracture mechanics related aspects

of the method; In section 3, a Method of Manufactured solutions (MMS) is utilized to

verify the implementation and convergence of the method. In section 4, we �rst brie�y

describe the experiment that was conducted in [21] and the corresponding �nite element

model that is considered in this work, including the humerus-bone geometry, boundary110

conditions applied in the experiment, �nite element mesh and material properties. An

educated assumption of a power-law relation between the critical energy release rate

and the density is introduced. Second, we calibrate a few critical parameters in the

model including: the power-law exponent and the length scale size against the strain-

force curves recorded in the experiment. Third, we provide the 3D crack propagation115

simulations obtained with our calibrated parameters and illustrate the location of crack

initiation and propagation. We also demonstrate the parallel scalability of the model.

Finally, concluding remarks are drawn to summarize our research �ndings.

2. Fundamentals of the phase �eld method

2.1. Phase �eld representation of a crack120

The key idea of the phase �eld method is to represent fracture as a continuum entity

with a small �nite width rather than a strict discontinuity, in which the sti�ness of the

material within that width is signi�cantly reduced or damaged. In this formulation,

a surface density function, which depends on the fracture width l0 can be used to

represent the crack without the need to explicitly track the discontinuity.125

To illustrate the underlying concepts of the phase �eld method, consider an in�nitely

long one-dimensional bar pulled on both sides with a discrete crack at x = 0. As

illustrated in Figure 1, the phase �eld approximation of a discrete crack can be viewed

from a continuum point of view as a smeared crack with the following approximation

[52]:

c = e−
|x|
2l0 . (2.1)

Here, c is the phase �eld variable and x is the longitudinal axis. The phase �eld variable
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c ∈ [0,1] satisfying:

c(0) = 1

c → 0 as x→±∞

c,x→ 0 as x→±∞

(2.2)

Note that l0 is a regularization parameter that controls the smeared crack width, how-

ever, it should be emphasized that l0 doesn't represent the actual width. Crack topolo-

gies for four di�erent l0 values are shown in Figure 1(b). When l0 decreases to 0, the

smeared crack representation converges to a discrete crack.

Figure 1: Schematic depiction of a smeared crack representation with the phase �eld method (a)
discrete crack representation, and (b) phase �eld representation of the discrete crack. Crack topologies
with di�erent l0 values are illustrated in the right �gure.

The �rst and second derivatives of the phase �eld function with respect to x are given

by

c,x =−
sgn(x)

2l0
e−

|x|
2l0

c,xx =−
1

4l2
0

e−
|x|
2l0 =− 1

4l2
0

c
(2.3)

where sgn denotes the sign of x.130

With the above de�nitions, for x 6= 0, Eq.2.1 is the solution to the homogeneous di�er-

ential equation

c−4l2
0c,xx = 0 in Ω (2.4)

where Ω denotes the domain of bar.
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The corresponding quadratic functional is

I(c) =
∞∫
−∞

1
2

[
c2
,x +

1
4l2

0
c2
]

dx (2.5)

where the di�erential equation 2.4 is the solution of the Euler-Lagrange equation re-

sulting by minimization of

c? = argmin
c∈S

{I(c)} (2.6)

where S= {c ∈ H1|c(0) = 1,c(±∞)→ 0,c,x(±∞)→ 0} and H1 is the Sobolev space.

Substituting Eq.2.1 into Eq.2.5 yields

I(c?) =
1

2l0
(2.7)

For convenience, one may rewrite the functional with a scaling factor as follows

Γs = 2l0I(c) =
∫
Ω

[
1
2

(
1

2l0
c2 +2l0c2

,x)

)]
dΩ

=
∫
A

∞∫
−∞

[
1
2

(
1

2l0
c2 +2l0c2

,x)

)]
dxdA = A

(2.8)

where A is the cross-sectional area of the bar. Clearly, the minimization of this equation

gives the crack topology given in Eq.2.1, where Γs can be interpreted as a crack surface

density where the integrand of Eq.2.8 is

γ(c,c,x) =
1

4l0
c2 + l0c2

,x (2.9)

When the above theory is extended to multi-dimensions, the crack surface density can

expressed as

γ =
1

4l0
c2 + l0c,ic,i (2.10)

where Einstein's summation convention is assumed and i = 1, ...d with d being the

number of dimensions.

7



2.2. Governing equations135

For elastic solids, the total free energy Π is additively decomposed into two parts:

Π = Πe +Π f =
∫
Ω

ψedV +
∫
Γd

ψ f dA (2.11)

where Πe and Π f are the elastic energy stored in the solid and the fracture energy needed

to create new crack surfaces, respectively. Here, ψe and ψ f denote the corresponding

energy density functions.

To account for di�erent fracture modes, the elastic strain energy density is split into

two parts:

ψe =W−+m(c)W+ (2.12)

where W− and W+ represent the damaged and undamaged strain energy densities, re-

spectively. m(c) is the degradation function used to degrade the sti�ness within the140

smeared crack representation. The degradation function implies a reduction of the sti�-

ness in the regions of the domain that have no compressive stresses, i.e. Cd
i jkl =m(c)Ci jkl,

where Cd
i jkl and Ci jkl are the damaged and undamaged material sti�ness matrix, respec-

tively. The precise model that degrades the sti�ness depends on the type of energy

splitting in Eq.2.12.145

In general, two kinds of strain energy split methods have been proposed in the literature,

volumetric-deviatoric split and a spectral decomposition split [35, 46]. In the current

work we adopt the volumetric-deviatoric split, which can be expressed as:

W =
1
2

Ci jklεi jεkl (2.13)

W− = K〈εii〉2− (2.14)

W+ = K〈εii〉2++µε
dev
i j ε

dev
i j (2.15)

where εi j is strain tensor and εdev
i j = εi j− 1

3εkkδi j is the deviatoric strain tensor. The

volumetric modulus K and shear modulus µ are related to Young's modulus E and

Possion's ratio ν as follows: K = E
3(1−2ν) ,G = E

2(1+ν) . 〈·〉 is Macaulay brackets de�ned

as:

〈x〉+ =

{
x i f x≥ 0
0 i f x < 0

〈x〉− =

{
x i f x≤ 0
0 i f x > 0

(2.16)
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With the above de�nition, the stress can be expressed as

σi j = σ
−
i j +mcσ

+
i j =

∂W−

∂εi j
+mc

∂W+

∂εi j
(2.17)

Hence, the volumetric-deviatoric split of the energy implies that the sti�ness will be

degraded as a result of non compressive hydrostatic stress components as well as devia-

toric stress components. Such splitting might better capture a shear dominated fracture

[35].

In this paper, we consider a generic cubic depredation function of the form m(c) =150

[1+(2− s)c](1− c)2 [62], which by varying s could provide a response ranging from

brittle to ductile type failures. That is, when s→ 0 the response is nearly linear elastic

prior to fracture with an abrupt fracture response. However, when s = 2 the degrada-

tion function reduces to a quadratic form and the response resembles a ductile type

failure [52]. It should also be noted that the ductile type failure has better convergence155

characteristics, i.e. it requires less nonlinear iterations to converge, since the failure

response is more gradual and less abrupt than brittle fracture. In the current work we

choose s = 0.8 which is yields a quasi-brittle response with good convergence behaviour.

The fracture energy is related to surface energy given in Eq.2.9, which can be approxi-

mated by

Π f = Gc

∫
Ω

γ(c,c,i)dV (2.18)

where Gc is a Gri�th-type critical energy release rate of the material (given material

parameter). Substituting Eq. 2.10, Eq. 2.12, and Eq. 2.18 to Eq. 2.11, the free energy

reads

Π =
∫
Ω

[
W−+(m(c)+η)W+

]
dV +Gc

∫
Ω

γ(c,c,i)dV (2.19)

where the scalar η is introduced and taken to be a small value, η = 0.0001 to avoid

numerical ill conditioning in the case of complete failure of an element in the mesh.160

For a given equilibrium state, the free energy Π must be a minimum, which requires

the variation of the Eq. 2.19 to be zero:

δΠ =
∂Π

∂εi j
δεi j +

∂Π

∂c
δc+

∂Π

∂c,i
δc,i (2.20)

Eq. 2.20 should hold for any arbitrary admissible δεi j,δc and δc,i, which leads to the
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coupled governing equations [63],

Equilibrium: σi j, j = 0 (2.21)

Phase-Field evolution: c = 4l2
0c,ii−

2l0
Gc

∂m
∂c

H (2.22)

where the �rst equation is the divergence of stress σi j in the absence of body forces, and

the second equation is the crack driving law which resembles the ODE given in Eq. 2.4.

The history variable scalar H = max(W+) is introduced to enforce irreversibility of

damage, which means that damage can only grow, i.e. ċ≥ 0 [52].

The boundary conditions associated with this problem are given as
c,i = 0, on Γc

n jσi j = T̄i, on ΓT

ui = ūi, on Γu

(2.23)

where the �rst equation means that damage �ux cannot �ow out of the system, the165

second corresponds to Neumann boundary conditions on tractions, where n j is the

normal to the surface, and the third are Dirichlet conditions on the displacements ui.

Finally, we note that two key parameters should be considered carefully when employing

and implementing the phase �eld method: the length scale l0 and the critical energy

release rate Gc.170

Remark 1: While the smaller the length scale l0 is, the closer the fracture representation

is to true cracks. However, computational limitation preclude extremely small length

scales [42, 64�66]. It is recommended that one should have at least two elements

across the smeared crack width, which means the element size must be at least twice

smaller than the length scale [64]. Nonetheless, to avoid some of those computational175

limitations, l0 can be related to the Young's modulus, critical energy and the strength

of the material and could be directly be calibrated against experimental results, as

suggested in [62, 64].

Remark 2: The critical energy release rate Gc is usually assumed to be the critical

energy release rate under tension. However, for many materials the energy release rate180

under tension might be quite di�erent from the one under shear. Hence, although in

the current work we follow the assumption that Gc corresponds to tension, one should

consider Gc in relation to the dominant energy release rate or incorporate both tension
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or shear, as proposed in [65]

Remark 3: Note that for inhomogeneous materials the critical fracture Gc should also185

be varying in the domain. Several research groups in the biomechanics community have

argued for a strong correlation between the density and the energy release rate [1, 67�

70]. In the current paper, we propose a power-law dependency between the critical

energy release rate Gc and the bone mineral density at a given material point. More

details are discussed in Section 4.3.190

3. Model Veri�cation: Method of manufactured solutions

We employ the Method of Manufactured Solutions (MMS) to verify the implementation

of the phase �eld method [71, 72]. MMS is a well known procedure used for veri�cation

of nonlinear coupled codes and has been widely used in engineering analysis.

In the phase �eld method, one needs to manufacture displacements and phase �eld195

solutions, which are then substituted into the governing equations to generate additional

source terms as well as initial/boundary conditions. These prede�ned �elds are then

compared with the predicted output of the code in terms of displacement, phase �eld,

and stress �elds and the convergence rates can be examined.

Consider a 2D squared computational domain {0.0≤ x≤ 0.1,0.0≤ y≤ 0.1}. The con-200

vergence tolerance is set to 1.0E-16. Six di�erent meshes, 8×8, 20×20, 32×32, 40×40,
50×50 and 64×64 are utilized to examine the convergence. The solution of the FEM

with bilinear type quad elements is compared with the manufactured �elds. Poisson's

ratio of ν = 0.3 and a length scale of l0 = 0.02 are assumed.

Unstructured meshes are used to avoid mesh alignment e�ects and the average mesh205

size is estimated as,

have =

√
Atotal

Nele
(3.1)

where Atotal is the area of problem domain and Nele is the number of elements.

The L2 norm is used to evaluate the relative error between the exact and numerical

solutions, which is given as

err =
||uuuexa−uuunum||2
||uuuexa||2

(3.2)

where uuuexa and uuunum are manufactured solutions and numerical results, respectively.
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We have studied both homogeneous and inhomogeneous materials. However, in this

section we will only report the veri�cation of the code when applied to inhomogeneous

materials, in which Young's modulus variability is de�ned by

E = E0

(
1− E2

eE1
√

(x−x0)2+(y−y0)2
+ e−E1

√
(x−x0)2+(y−y0)2

)
(3.3)

and the manufactured solutions for displacement and phase �eld are assumed to be

ux = a1x+a2y+a0

uy = b1x+b2y+b0

c =
c0

ec1
√

(x−x0)2+(y−y0)2
+ e−c1

√
(x−x0)2+(y−y0)2

(3.4)

where the constants E0,E1,E2,a0,a1,a2,b0,b1,b2,c0,c1,x0,y0 are selected as 200.0E9,

100.0, 0.1, 0.0, 0.002, 0.0015, 0.0, 0.001, -0.006, 1.6, 100, 0.05, 0.05, respectively. These210

functions and parameters generate a hole-like imperfection in the center of the domain

and the model experiences shear, tension deformation along x direction and compression

along y direction. Note that for these constants, the term in the parenthesis of Eq. 3.3

ranges between [0.95,1).

Substituting Eq.3.3 and 3.4 into the governing equations, we obtain three source terms215

and corresponding boundary conditions, which are then implemented in the code. The

numerical results and the manufactured results for the �ne mesh are shown as Fig. 2.

It can be seen that the numerical results agree well with the manufactured solutions.

Also, the error in the displacements �eld and phase �eld with respect to the mesh size

have are plotted in log-log scale as shown in Fig.3, in which the convergence rates are220

also presented. Convergence rates are obtained by least-square �tting. All the studied

�elds show good convergence which indicates that our implementation is veri�ed.

4. Model con�guration: experiments and simulations

4.1. Mechanical experiments on a human humerus

The mechanical experiments performed in [73] are considered in this paper. Fig.4 shows225

the experimental setup of the humerus bone and the position of strain gauges used to

measure the strains in the experiments. This humerus is taken from a 67 years-old

male donor, 1.78 m (70�) tall and weight of 84 kg (186 lb), who died from an end stage

heart failure. The bone was obtained from the National Disease Research Interchange

12



(a) Analytical phase �eld (b) Numerical phase �eld

(c) Analytical displacement ux (d) Numerical displacement ux

Figure 2: Comparison of analytical manufactured solutions and numerical results plotted on the �nest
64×64 mesh.

Figure 3: Convergence studies for displacements ux, uy and phase �eld c. Rates of convergence are
given in the plot.
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(NDRI). The total length along the bone shaft axis is 168mm. The humerus was230

rotated at 25◦ about its longitudinal axis to align in the scapular plane, and then �xed

to the load cell at a 20◦ angle. While facing downwards, its head was �xated using a

screw to a PMMA base with diameter of 20mm (all angles are relative to a coordinate

system on the humerus de�ned by Wu et al. [74]). This �xation assures a contact area

which is constant both in size and location; and prevents the head from moving in the235

lateral direction which will cause fracture at the distal end rather then at the neck, as

illustrated in Fig.4. A displacement of ≈ 8mm was applied to the humeri until fracture

was observed. Resulted loads on the bone (all 3 components) were measured using a

6-axis load cell (ATI Omega 191). The magnitude of the resultant load applied on the

head was 5200N. The z-axis in global coordinate system was set to be along the bone240

shaft axis and the x− y plane was located on the cross-section of the distal end.

Fourteen uniaxial strain gauges were attached to bone surface and recorded the strain

history in the experiment, as shown in Fig.4(b). However, only two of them, #8 and

#12, are currently used in our numerical results for calibration and analysis of the

model. These two sensors are closer to the fracture region and provide su�cient infor-245

mation necessary to validate the key failure mechanisms of the bone. The coordinate

system is shown in Fig.4(b) and the corresponding positions as well directions of these

two strain gauges are described in more details in Appendix A.

(a)
(b)

Figure 4: Compression test of the humerus-bone; (a) The experiment setup; (b) Strain-gauges' positions
used to measure strains. Red and black dots denotes the axis in-plane and out of plane directions,
respectively. Among them, strain gauge #8 is along the bone shaft axis and #12 is closer to the
fracture area.

The reaction force along the z-direction as applied to the bone head was recorded in

the experiment, and are used herein to validate the numerical results.250
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(a) Fracture location (b) Enlarged view of the fracture location

Figure 5: Experiment conducted on a human humerus (67 year old male donor) showing the location
of fracture.

4.2. Numerical setup

Parallel Finite element implementation of the phase �eld method for fracture modeling

of the humerus-bone is developed and the simulations are carried out on parallel com-

puters at Columbia University. Details on the implementation of the code is provided

in Section 4.4.255

The geometric model and the corresponding boundary conditions are illustrated in

Fig.6(a). The distal end is clamped while a surface traction pressure, as recorded in the

experiments, is applied on top of the bone at the red circle area shown in the �gure.

The purple lines in the �gure denote the locations of strain gauges #8 and #12 similar

to the experiments. In Fig.6(b), the bone head is magni�ed to show the details of the260

applied tractions. Since the normal directions on every point of the loading area are

almost the same, the normal direction nnn = {−0.3119,0.1085,0.9439} at the center of

the loading area is used in the analysis. A local load system denoted by (xl,yl,zl) is

created, in which the surface traction loading is applied. zl coincides with the normal

direction of the surface. Hence, the three components of the resultant traction T̄TT along265

local directions are -0.0588,0.517764 and -2.4756 MPa, respectively. Blue point A, as

shown in Figure. 6 (b), is the center of the loading area, of which the displacement uz

is extracted to show the loading process in the result section.

In order to obtain an accurate crack path, a very �ne mesh that consists of 323,543 linear

tetrahedral elements and 58,885 nodes with 4 dofs (three displacements components and270

one phase �eld c) per node is generated as shown in Fig.6(c).
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(a) (b) (c)

Figure 6: The humerus-bone model con�guration. (a) Bone geometry and boundary conditions. The
distal end is �xed and a surface traction is applied on the proximal head (highlighted by the red color);
(b) Magni�cation of the head area in the region of applied surface tractions denoted in red. T̄TT is the
resultant surface traction. Blue point A denotes where the displacement uz is extracted to show the
loading process; (c) The bone model with very �ne mesh.

4.3. Material properties

On the macroscale, bones have a hard outer shell-type layer composed of cortical bone

and an inner soft porous-type layer, so-called trabecular bone. Thus a �rst order

macro-scale approximation suggest that bones can be modeled as elastic, isotropic but275

strongly inhomogeneous materials. Nonetheless, adding the aforementioned material

properties to the already complex 3D geometry, makes the fracture modeling extremely

challenging.

As indicated in references [18, 68�70, 75], the mechanical properties of bone can be

expressed in terms of the Bone Mineral Density (BMD) quantity. Various density

measurements such as ash density ρash, wet density ρwet and dry density ρdry have been

used in the literature for di�erent modeling purposes. More details regarding density

measurements can be found in [76]. The relations between ash density(ρash) of the bone

and its Young's modulus E, documented in Keyak et al. [77] and Keller [3], were shown

to provide agreeable results compared with in-vitro experiments. In the current work,

we assume similar relations given as

Ecor = 10200ρ
2.01
ash (MPa), ρash ≥ 0.486(g/cm3) (4.1)

Emix = 2398(MPa), 0.3 < ρash < 0.486(g/cm3) (4.2)

Etra = 33900ρ
2.2
ash(MPa), ρash ≤ 0.3(g/cm3) (4.3)

where the subscript cor and tra represent cortical and trabecular regions of the bone,

respectively. Subscript mix denotes the region that could not be distinguished as cortical280

or trabecular bone. Figure 7 shows the density distribution of the bone. It can be
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seen that there is a thin layer surrounding the bone head area, so-called cortical shell.

However, in some regions this shell is extremely thin and practically does not appear

in Figure 7c, which indicates weak regions that may lead to fracture initiation.

(a) (b) (c)

Figure 7: Density distribution of the humerus. (a) Cross-section of the bone; (b) Di�erent regions
de�ned in Eq.4.1. Mixed region (Yellow area): 0.3 < ρash < 0.486, trabecular bone (Green area):
ρash < 0.3 and Cortical shell (Outer thin layer): ρash > 0.486. The legend is only for outer thin layer.
(c) Closeup view of the cortical shell (all the other regions are not shown in the plot). The units in
the legend are given in g/cm3.

Due to the complexity of bones, many experiments have been conducted to acquire285

relations between the mechanical behavior of the bone and its properties. Many authors

[2, 18, 67�69, 78] have investigated the fracture toughness of bones with di�erent testing

methods. Those have led to relations between fracture toughness and age, density and

compositions, which are commonly used to evaluate the bone properties.

In addition, experimental results obtained by di�erent groups [1, 67�70] have estab-290

lished empirical relations between density and critical energy release rate. While there

is a wide scatter in these empirical models, perhaps due to the diverse testing methods,

machine settings and bone age samples, they all suggest that a strong correlation be-

tween the density and the energy release rate exist. Hence, one of the goals of this paper

is to examine and calibrate the most appropriate relation through numerical parametric295

studies.

To this end, we propose a power-law dependency between the critical energy release

rate Gc and the Young's modulus E (that is related to the bone density ρash) at a given

material point, written as

Gc = G0
c

(
E
E0

)β

(4.4)

where G0
c and E0 serve as the reference critical energy and Young's modulus, respec-

tively. β is the power-law exponent that describes the relations between Young's modu-
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lus and critical energy release rate. β = 0 means a constant critical energy in the bone,

whereas β = 1 represents a linear relation, and β > 1 describes a stronger correlation300

between the energy release rate and Young's modulus at a given material point.

The assignment of material properties such as density, Young's modulus and critical

energy release rate is described herein. A �le containing the node label and coordinates

are exported from Abaqus [79], which is employed here for mesh generation, and then

imported to a Python script to assign each node its density from the closet point found305

in the CT data. A nodal-wise density �eld is de�ned, i.e. four di�erent densities per

each linear tetrahedral element. The Young's modulus E(xi,yi,zi) and the associated

critical energy Gc(xi,yi,zi) at each node are then computed based on Eq.4.1 and 4.4. The

corresponding material properties at Gauss points can also be obtained by using the

FE shape functions to interpolate the values and compute element sti�ness matrices.310

The variation of the Young's modulus �eld throughout the bone model is shown in

Fig.8(a). Red and blue colors denotes high and low Young modulus regions, respectively.

Fig.8(b) shows a longitudinal slice of the bone, where the green dashed line denotes the

boundary between cortical and trabecular bone. It can be seen that the bone head/neck

has the lowest Young modulus, which is to say, the most fragile area. Furthermore, a315

thin sti� shell at the outer region of the cortical bone can also be identi�ed, as illustrated

in Fig.8(b).

Fig.9 illustrates the variation of critical energy release rate within the bone. Various

β values yield slightly di�erent critical energy distributions. Based on the power-

law de�ned in Eq.4.4, the distribution is comparable with the experiment in [80]. As320

observed in the �gure, the head and neck of the bone is the most fragile region of the

bone and is where most fractures occur under external loading. The Poisson's ratio is

assumed to be 0.3 throughout the model.

(a) (b)

Figure 8: Variation of Young's modulus in the bone. (a) Entire bone ; (b) Cross-section of the bone.
The units in the legend are given in Pa.
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(a) β = 0.8 (b) β = 1.0 (c) β = 1.2

Figure 9: Variation of the normalized critical energy release rate according to the model in Eq. 4.4.
Critical energy release rate is normalized by G0

c .

4.4. Model calibration

The �nite element and phase �eld methods have been implemented in FEAP 8.5 [81]325

with the linear solvers linked to the PETSc package [82]. The 3D mesh and inhomoge-

neous material properties is generated by Abaqus preprocessing tools [79] based on the

QCT imaging techniques discussed in [7, 13]. The meshes along with the corresponding

material properties are transferred to FEAP (as aforementioned using a python script),

and post-processing is executed by calling the Paraview package [83]. Note that all sim-330

ulations have been carried out in the High Performance Computing (HPC) cluster at

Columbia University. At most four computing nodes were available for our simulations,

that is , that is 96 cpus/processors, and the simulations had to be terminated after

6 hours of run time. In the following sections, we denote the physical modeling time

(real time) by t and the actual simulation time (computer wall time) by CPU , which335

is used for parallel scalability studies. All simulations are performed under quasi-static

conditions.

Following the model proposed in Yeni et al. [76] and other authors [68, 70], in all our

simulations we assume a base critical energy release rate value of G0
c = 7000 J·m−2

de�ned in Eq. 4.4, and a maximum Young's modulus of E0 = 20GPa.340

4.4.1. Sensitivity of mesh size

We start by considering the fracture response of the model with di�erent mesh densities.

Previous studies (excluding fracture) [6, 15, 16, 84] suggested an element size of 3mm

to accurately capture the heterogeneous variations in the mechanical properties of the

bone. Hence, we analyze the response of the model considering an element size h of345

1.2mm, 2mm and 3mm. The length scale size l0 should be at least twice the mesh size
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h [65, 85], therefore, we consider a constant length scale of l0 = 6mm for all simulations.

In addition the power-law parameter β = 0.8 is also assumed for the critical energy

release rate value. If not mentioned otherwise, traction type loadings are applied on

the bone head.350

The strain-force curves are compared with the recorded strain-gauges output #8 (Fig.

10a) and # 12 (10b). Note that all strain measures are negative since they are obtained

under compression, however, for convenience all strain plots in the paper are plotted

in absolute value. The force Fz is the reaction force over the loading area along z

direction. The results show that all meshes give consistent results for both strain gauges'355

locations. The slight di�erences may be due to a too coarse mesh that cannot describe

accurately the heterogeneity. Nonetheless, the three di�erent meshes give nearly same

strength and approximately similar crack pro�les as shown in Fig.10 and Fig. 11. In

the following sections we choose the �ne mesh to calibrate parameters and analyze the

fracture response of the bone.360

(a) SG #8 (b) SG #12

Figure 10: Strain-force relations for di�erent mesh sizes at the two strain gauges locations. These
curves are obtained under compression according to the experimental setup described in Section 4.1.
For convenience, an absolute value of strain is used in all plots.

4.4.2. Sensitivity of the critical energy release rate

Many empirical relations for the critical energy Gc as function of the bone density ρ

have been proposed, with a wide deviation between models [12, 68, 76, 84]. In this work,

we propose a power-law dependence for critical energy release rate GC as function of

Young's modulus E (discussed in section 4) and calibrate the power-law parameter β .365

Three di�erent β s are investigated: 0.8 weak correlation ,1.0 linear correlation and 1.2

strong correlation. The length scale in this analysis is chosen as l0 = 3mm.

20



(a) h = 1.2mm, uz = 0.59mm (b) h = 2.0mm, uz = 0.69mm (c) h = 3.0mm, uz = 0.74mm

Figure 11: Numerical crack pro�les and the corresponding cross-sectional views for di�erent mesh
sizes h 1.2mm, 2mm and 3mm. uz denotes the displacement along z direction of blue point A shown
in Figure. 6(b).

It can be seen from Fig.12a, that the response of the bone up to failure for di�erent β

values match well with the experimental data, recorded by strain gauge #8. Hence the

behavior is not sensitive to the value of β . However, indeed the β parameter dominates370

the failure response of the bone, as shown in Fig.12b and recorded by the strain gauge

#12.

Hence, β has a signi�cant e�ect on the strength of the material, which decreases with

the increase of β . In other words, with β > 1 the inhomogeneous behaviour given by the

ratio
(

E
E0

)β

< 1, is ampli�ed, while β < 1 means that a lower level of inhomogeneous375

behavior in prescribed.

(a) SG #8 (b) SG #12

Figure 12: Strain force curves with di�erent β at two strain-gauges.

Fig.13 shows cross sectional views of three di�erent distribution of normalized Gc and
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the corresponding crack patterns obtained with the simulations. Each of the simulations

were stopped after 6 hours of run time which corresponds to di�erent solution time t

as denoted in the caption of the Figures. It can be seen that for the β values chosen,380

the �nal crack pro�les are di�erent although all cracks initiate at a similar location. It

is interesting to note that while the parameter β doesn't a�ect the direction of crack

propagation, it has a detrimental acceleration e�ect on the rate of crack propagation.

That is, the larger the inhomogeneity of the critical energy release rate, the faster

the crack propagation is. It should also be noted that for a constant Gc the crack385

pro�le obtained from the numerical model do not match the experimental results (see

Appendix C for more details). Hence we conclude that for inhomogeneous materials

the critical energy Gc must also be inhomogeneous, which was also discussed in Remark

3.

(a) β=0.8 (b) β=1.0 (c) β=1.2

(d) β=0.8, uz = 0.59mm (e) β=1.0, uz = 0.67mm (f) β=1.2, uz = 0.85mm

Figure 13: Numerical examples for di�erent β . (a)-(c) normalized critical energy release rate. Green
dashed line denotes the boundary between cortical/trabecular bone; (d)-(f) Numerical crack pro�les
and cross sectional views of �nal cracks for di�erent Gc. The same scale is used for all the plots.

Fig.14 shows the surface energy growth with respect to applied displacement recored390

on point A in Figure 6 (b) . These curves include two stages, initially damage is slowly
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accumulated and suddenly all the strain energy is released followed by a rapid fracture

propagation, which is a typical response of brittle fracture. Once again it can be seen

that larger values of β lead to accelerated fracture initiation.

Figure 14: The e�ect of critical energy release rate variation on surface energy growth.

4.4.3. Length scale e�ects395

In this section we study the e�ect of length scale l0 on the simulation results. Di�erent

length scales could signi�cantly a�ect the strength and the response of the material. In

this part, three length scales 3mm, 6mm and 9mm are chosen and their a�ect on the

strength of the bone is examined.

For all the simulations in this section, a �ne mesh is used with an approximate element400

size of 1.2mm. The strain-force response of the material is shown and compared with

the experimental data at strain gauges #8 and #12 and shown in Fig. 15a and 15b,

respectively. One can observe that a larger length scale leads to lower strength. Such

behaviour is also corroborated by one-dimensional simulations in case of homogeneous

materials [64].405

The corresponding crack patterns for the di�erent length scale l0 are shown in Fig.16.

As expected, the larger the length scale the more smeared the response is. Furthermore,

a transition of the location of the cracked area can also be observed clearly. When the

length scale is too large the point of crack initiation is shifted from the bone neck area

to the load area. While l0 = 3mm generates the desired localized crack in the bone neck410

area, l0 = 6mm leads to fracture of both the bone neck and load area causing the entire

bone head to become damaged. The largest length scale l0 = 9mm leads to damage in

the region where the load is applied which means it cannot capture the correct crack

behavior observed in the experiments. Hence, the length scale should be taken as small

as possible provided that at least two elements across the width should be used.415
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(a) SG #8 (b) SG #12

Figure 15: Strain-force curves with varying length scale l0. (a) strain gauge #8, and (b) strain gauge
#12.

(a) l0=3mm, uz = 0.59mm (b) l0=6mm, uz = 1.18mm (c) l0=9mm, uz = 1.00mm

Figure 16: Numerical crack pro�les and their cross sectional views for di�erent length scale l0. The
same scale is used for all the plots.
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4.4.4. Fracture pro�le

Now that the mesh size, length scale and critical energy release rate have been cali-

brated, a set of optimal parameters is selected as follows h = 1.2mm, β = 0.8, l0 = 3mm.
Fig.17 shows the predicted fracture evolution path with the aforementioned parameters420

as compared with the experimental testing, at three di�erent stages of the bone defor-

mation and fracture: initial, intermediate and �nal. The numerical results are plotted

on the deformed con�gurations, magni�ed by a factor of 4. It can be observed that the

numerical crack path agrees well with the experiments, where a shear-dominant failure

behavior is observed.425

(a) uz = 0.46mm (b) uz = 0.58mm (c) uz = 0.86mm

Figure 17: Comparison between experimental and numerical crack pro�les at di�erent stages of bone
deformation and fracture. The numerical results are plotted on the deformed con�guration, magni�ed
by a factor of 4.
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4.5. Further Studies

In this section, we present additional interesting fracture mechanics insights corre-

sponding to the proposed phase �eld modeling approach. In particular we investigate

the initiation and propagation of fracture and discuss the variation of principal stresses

with the phase �eld evolution. We employ the calibrated parameters from previous430

sections, that is β = 0.8,G0
c = 7000J/m2, E0 = 20GPa, l0 = 3mm with a mesh size of

h = 1.2mm. Poisson ratio of ν = 0.3 is used for all the simulations.

4.5.1. Crack initiation and propagation

An interesting observation regarding crack initiation is illustrated in Fig. 18. It can be

observed that the fracture is initiated at the trabecular part of the humerus head (inside435

the bone) and then propagates outwards toward the cortical outer surface bone until it

completely fractures. Although this behavior cannot be con�rmed experimentally, it is

still reasonable to assume that the load is being transferred to the trabecular structure

inside the head, causing the trabeculae to fracture �rst and only then propagates to

the cortical surface, the very thin cortical layer covering the bone's head [86].440

We emphasize that it is the �rst time that such behaviour is numerically con�rmed.

(a) uz = 0.26mm (b) uz = 0.34mm (c) uz = 0.59mm

Figure 18: Snapshots of the evolution of the fracture process in the 67 years old humerus bone.

4.5.2. Principal directions

In the experiments conducted in [73], the strain-gauges were placed along the expected

principal directions. Hence, since a linear elastic analysis is carried out, the princi-

pal directions remain unchanged. However, in this section we show that when dam-445

age/fracture is involved, the principal directions of the model rotate as function the

accumulated damage at the particular point.

To this end, Fig.19 shows the variation of principal angles from the original directions

as function of the phase �eld value at strain gauges #8 and #12. The change in angles
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θ j j between the original/damaged principal directions is de�ned as

cos(θ j j) =
nnn j ·nnni

j

‖nnn j‖‖nnni
j‖

(4.5)

where j = 1,2,3 denote the three directions. nnni
j are the initial principal coordinates

vectors and nnn j the current principal coordinates vectors.

It can be seen that the change in angles remain nearly zero when the phase �eld is450

relatively small. However, as damage grows, the principal directions may signi�cantly

change at both strain gauge locations.

Remark 4: In the current paper, we use principal strain ε3 as the strain measure to

compare with the experimental results. It can be observed that the change of third

principal direction is less than 15 degrees, which means current measure is still rea-455

sonable. The strong oscillations shown in the �gure may due to the inhomogeneity of

bone.

(a) SG #8 (b) SG #12

Figure 19: Principal angles change with the increase of damage/phase �eld variable.

4.6. Parallel Scalability

Finally, we demonstrate the parallel scalability of the proposed phase �eld implemen-460

tation, which is necessary due to the very �ne meshes required for bone modeling. The

�ne mesh tetrahedral bone model, which contains 323,543 elements, 58,885 nodes and

235,540 degrees of freedom is solved on �ve di�erent sets of processors: 12, 24, 48, 72 and

96. For illustration, the partition of the bone to 48 processors and the corresponding

slice are shown in Fig.20(a)-(b).465
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As aforementioned, the simulations in previous sections have been terminated after

6 hours run on the HPC at Columbia University. However, in this section we run

all simulations up to 20 seconds of physical time, which needs less than 6 hours to

complete. A direct LU solver is employed to solve the nonlinear Jacobian system using

the PETSc package [82]. Table 1 shows the CPU time cost corresponding to the number470

of processors. It can be seen that the CPU time increases with decreasing number of

processors.

Table 1: Comparison of CPU time[s] (simulation wall time) for di�erent processors with �xed problem
size (235,540 degrees of freedom), terminated after t=20s physical time.

Processors 1 12 24 48 72 96
CPU time(s) 15778.18 1810.36 922.71 566.66 409.09 402.43

Fig. 20(c) and (d) are used to show the speedup and scalability of our parallel imple-

mentation. The CPU time of single processor is used as the reference time in current

studies. The dash line denotes the ideal linear speedup. It can be seen that as the475

number of processors increases, the speedup that can be achieved stagnates and the

e�ciency decreases. This has to do with the processors communications, system hard-

ware and algorithm scalability and requires further computer science research into more

e�cient solvers, which will be part of future work.

5. Conclusions480

A novel modi�cation of the phase �eld fracture method with application to fracture

of the humerus bone within a �nite element framework, was proposed. CT-scans were

employed to generate detailed �nite element bone meshes with corresponding inhomo-

geneous material properties. The implementation of the method was veri�ed using the

method of manufactured solutions(MMS) and validated by experiments.485

To model the fracture, we proposed a power law relationship between bone density

and the critical energy release rate, together with a volumetric-deviatoric type split

of the elastic energy that drives the fracture evolution. Several parameters of the

method, including mesh size, length scale and inhomogeneous critical energy release

rate were calibrated based on humeri experiments on a 67 year old male bone. With490

these calibrated parameters it was shown that the proposed numerical method is able

to successfully predict the fracture initiation and propagation, which agree well with

the experimental observations.
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(a) Partitions of the mesh to 48 processors. (b) Slice of the bone with 48 partitions.

(c) Speedup (d) Computational e�ciency

Figure 20: Parallel Scalability of the phase �eld implementation for bone fracture studies.
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An interesting �nding con�rms that fracture initiation occurs at the inner trabecular

bone and propagates outwards toward the cortical bone. Furthermore, we show that495

when fracture analysis is carried out, the principal directions at a point rotate with the

amount of accumulated damage, which is overlooked when linear elastic analysis with

stress criteria is used to study bone fracture.

Nonetheless, some limitations of the modeling need further studies. For example, the

results are somewhat sensitive to the length scale l0. In future work we will consider500

a variation of the length scale with the bone Young's modulus values. The method

was implemented in a parallel high performance computing environment at Columbia

University and scalability studies were carried out. However, the scalability results

indicate that further research on e�cient parallel solvers is also required.

To the authors knowledge, this work is the �rst successful attempt to apply the phase505

�eld fracture method to study bone fracture. In the future such numerical tool may

become an invaluable tool for patient-speci�c medicine. For example, the e�ect of

an implant inserted into the bone could be quantitatively assessed before an actual

procedure is recommended by the surgeon.
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Appendix A. Strain gauges' positions

We present the strain gauges position in the experiments. All the coordinates are

obtained in the numerical global coordinates system. Because the gauges are rectan-520

gular shape, the coordinates of two corner points are needed to determine its location

that are shown in Table.A.2. The direction of the obtain strain can then be obtained

approximately.
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Table A.2: Strain gauges' position (unit: mm)

Strain gauges x y z

#8
-15.02
-16.14

0.75
0.63

107.67
110.87

#12
7.49
7.45

9.97
11.49

118.29
121.53

Appendix B. Transformation matrix

In order to de�ne the surface traction, a local coordinate system is introduced. The525

transformation matrix can be expressed

T =

T11 T12 T13

T21 T22 T23

T31 T32 T33

=

 0.8646 −0.3794 0.3293
−0.3939 −0.9188 −0.0245
0.3119 −0.1085 −0.9439

 (B.1)

Additional translation is also needed, that is (-22.63, 7.41, 162.3)mm, which is the

global coordinates of the origin of local load system.

Appendix C. Fracture pro�le with constant critical energy release rate

In this section, we illustrate the behavior of the standard phase �eld method [35�46],530

which assumes a constant critical fracture energy Gc, on the bone fracture considered

in this paper. Hence, we choose β = 0.0 in the power law relation de�ned in Eq.4.4,and

all other material parameters are chosen to be the same as the one in section 4.4.4.

Fig.C.21 shows the �nal phase �eld accumulation and crack path in the bone. It can

clearly be seen that a constant Gc leads to fracture of the bone-neck, which is quite535

di�erent from the experimental results presented in section 4.4.4. Hence, the proposed

power-law model for critical energy release rate Gc is necessary and able to capture the

complex bone fracture pro�le.
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Figure C.21: Bone-fracture pro�le with a standard phase �eld method (constant Gc)
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